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PREDICTING MARKET
DIRECTION

SUMMARY

> Although asset returns are essentially unforecastable, the same is not true for asset return
signs (i.e. the direction-of-change).

> As long as expected returns are nonzero one should expect sign dependence, given the
overwhelming evidence of volatility dependence.

> Even in assets where expected returns are zero, sign dependence may be induced by skew-
ness in the asset returns process.

> Hence market timing ability is a very real possibility, depending on the relationship between
the mean of the asset returns process and its higher moments.

> The highly nonlinear nature of the relationship means that conditional sign dependence is
not likely to be found by traditional measures such as signs autocorrelations, runs tests or
traditional market timing tests.

> Sign dependence is likely to be strongest at intermediate horizons of 1-3 months, and un-
likely to be important at very low or high frequencies.

> A simple logit regression model captures the essentials of the relationship very successfully.

> Empirical tests demonstrate that sign dependence is very much present in actual US equity
returns, with probabilities of positive returns rising to 65% or higher at various points over
the last 20 years.

APPLICATIONS

> Investment Strategy: Optimization of balanced funds and other market timing investment
strategies based on direction-of-change forecasts.

> Portfolio Construction: Portfolio rebalancing strategy based on sign predictions and fore-
casts of asset variance-covariance matrix.

> Asset Allocation: Tactical asset allocation strategy based on logit market timing model.

4 Derivatives Valuation & Trading: Valuation and trading of digital options based on asset
return sign forecasts.

» Risk Management: Adjustments to portfolio Value-at-Risk estimates based on direction-of-
change forecasts.
RESOURCES WITH THIS QUANTNOTE

> MatLab: workspace with algorithms for logit model estimation

> Excel: workbook containing data and logit models

> Mathematica: notebook containing key mathematical derivations

> Source journal article: Christofferson, P. F., Diebold F. X., Financial Asset Returns, Direc-

tion-of-Change Forecasting and Volatility Dynamics, Penn Institute for Economic Research,
Working Paper 04-009.
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“ .. despite having
the same, constant
expected return,
the process has a
greater chance of
generating a
positive return in
the first case than

in the second.

Thus volatility
dynamics drive sign

dynamics. “

SIGN DYNAMICS & VOLATILITY DYNAMICS

(Continued from page 1)

Asset return forecasting is central to active
asset allocation. Short-run return forecast-
ing, however, is viewed as difficult and per-
haps even impossible. Consequently, con-
ditional mean independence is viewed as a
reasonable working approximation to asset
return dynamics, although there is evidence
of conditional mean dependence at very
short (see Lo and MacKinlay, 1999) and at
very long (e.g. Fama and Franch, 1988)
time horizons.

Now consider dependence and hence fore-
castability in the sign of asset returns, or,
equivalently, the direction-of-change. It may
be possible to develop profitable trading
strategies if one can successfully time the
market, regardless of whether or not one is
able to forecast the returns themselves.

There is substantial evidence that sign fore-
casting can often be done successfully.
Relevant research on this topic includes
Breen, Glosten and Jaganathan (1989),
Leitch and Tanner (1991), Wagner, Shel-
lans and Paul (1992), Pesaran and Timmer-
man (1995), Kuan and Liu (1995), Larsen
and Wozniak (10050, Womack (1996),
Gencay (1998), Leung Daouk and Chen
(1999), Elliott and Ito (1999) White (2000),
Pesaran and Timmerman (2000), and
Cheung, Chinn and Pascual (2003).

There is also a huge body of empirical re-
search pointing to the conditional depend-
ence and forecastability of asset volatility.
Bollerslev, Chou and Kramer (1992) review
evidence in the GARCH framework, Ghysels,
Harvey and Renault (1996) survey results
from stochastic volatility modeling, while
Andersen, Bollerslev and Diebold (2003)
survey results from realized volatility model-

ing.

Sign Dynamics Driven By
Volatility Dynamics

Let the returns process Rt be Normally distributed
with mean p and conditional volatility ot.

1
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The probability of a positive return Pr[Rw+1 >0] is
given by the Normal CDF F=1-Prob[O,f]
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2 |\ 2 Cri1jt /

For a given mean return, , the probability of a posi-
tive return is a function of conditional volatility ot. As
the conditional volatility increases, the probability of
a positive return falls, as illustrated in Figure 1 be-
low with p = 10% and ot = 5% and 15%. In the for-
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Figure 1: The Dependence of Sign Probability on Volatility

(Continued on page 3)

ASSET RETURN DECOMPOSITION

We decompose the returns process R: as follows:

Rt+1 - Slgn (Rt+1) o ‘R

t+1‘

While the left hand side of the equation is essentially unforecastable, both of the right-hand-side
components of returns display persistent dynamics and hence are forecastable. Both the signs of
returns and magnitude of returns are conditional mean dependent and hence forecastable, but their
product is conditional mean independent and hence unforecastable. This is an example of a nonlin-
ear “common feature” in the sense of Engle and Kozicki (1993).
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SIGN FORECAST RESPONSIVENESS

mer case, the probability of a positive return is
greater because more of the probability mass lies

to the right of the origin. Despite having the same,

constant expected return of 10%, the process has
a greater chance of generating a positive return in
the first case than in the second. Thus volatility
dynamics drive sign dynamics.

Responsiveness of Sign Forecasts
to Changes in Volatility
The probability of a positive return, F, is not mono-

tonic in ot as can bee seen by taking the deriva-
tive:

8y F // FullSimplify

IJZ

2
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Let us denote this measure of ‘responsiveness’ by
& .

Sign responsiveness is hot monotonic in ot but
attains an interior minimum. Figure 2 illustrates
the case with p=10% .

The plots in Figures 3 and 4 give a more general
indication of the location of the minima in the
responsiveness curves for different drift and vola-
tility levels.

More generally, 5
7]
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Figure 2: Responsiveness of Sign probability to
Changes in Volatility

We can locate the maximum value of & .by
taking the derivative with respectto ¢ :

w2 —
o2 e 202 [ 2 o

Vor o o3

O &

Solving for o gives the solution :

u
= ——

v2
What this tells us is that for very small values of

(Continued on page 4)

FIGURES 3&4:
PREDICTION RESONSIVENESS

CONTOUR AND 3-D PLOTS OF SIGN

“What this tells us is
that for very small
values of
responsiveness is
low because the
probability of a
positive return
cannot deviate much
from 1. Similarly, for
large values of o, the
probability must
remain close to 1/2.
It is at intermediate
values of s that
responsiveness is
greatest and
forecastability is
maximized when s is

low, but not too low,

in relation to p. ”
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“... thereis no
information
contained in the
number of runs
that is not also in
the first-order
autocorrelation of

the sequence.

So runs tests are
no more likely to
find evidence of
sign predictability
than
autocorrelation

tests. ”

MEASURING SIGN FORECASTABILITY

(Continued from page 3)

o responsiveness is low because the probability
of a positive return cannot deviate much from 1.
Similarly, for large values of o, the probability
must remain close to 1/2. Itis at intermediate
values of o that responsiveness is greatest and
forecastability is maximized when o is low, but
not too low, in relation to u. With an expected
return p of 10%, o1t of 7.1% implies quite a
high conditional information ratio p/ ot+1)t .

As the researchers point out, the frequency with
which conditional volatility hits the “sweet spot”
depends on the volatility of volatility of the pro-
cess.

Correlation Between Sign Fore-
casts and Realizations

It is easy to show that the correlation between I+,
the indicator variable of an ex-post realized posi-
tive return and P 1t , the conditional probability
of a positive return, is given by the expression:

Std (Pt+1|t)

Corr (It+1, Pt+1|t) =

Where P is the unconditional probability of a posi-
tive return.

Hence the correlation between sign forecasts and
realizations depends only on the standard devia-
tion of the forecast. A high standard deviation of
the conditional probability forecast, which could
arise from a high variance of the conditional vari-
ance, will increase the forecastability of the return
sign. This suggests focusing on asset processes
with high levels of kurtosis.

One can also show that:

Corr (Ity, It) =Corr (In, Praje) Corr (I, Praje)

Hence

Corr (It+1, It) < Corr (It+11 Pt+1|t)

The lower the correlation between today’s sign
and today’s forecast of tomorrow’s sign, the lower
the autocorrelation in the sign itself.

Conversely, notice that if the sign forecast were
linear in the current realization then the correla-
tion between today’s sign and today’s forecast of
tomorrow’s sign would be one, and the autocorre-
lation would coincide with the correlation between
the ex-ante predictor and ex-post realization.
Consequently it is the non-linearity in the dynamic
process of the indicator sequence that lowers the
autocorrelation relative to the cross-correlation
between the ex-ante predictor and the ex-post
realization. The bottom line is that sign predicta-

bility will not show up in sign autocorrelations,
because of the non-linearity of the relation-
ship between the forecast and actual sign
sequences.

Runs Tests

A run is a sequence of consecutive zeros or
ones. Hence the number of runs is the num-
ber of switches from O to 1, plus the number
of switches from 1 to O, plus 1. Hence

T T
Npuns =1 + Z (1-T¢) Tpag + Z (1 -T¢4) I
t=1 t=1

Solving for Zkl+1 and substituting into the
formula for Corr(It,It+1) earlier yields the result

A N. -1
Corr (It+11 It) =1- i

251, (1- 2 2I.)

This makes clear that there is no information
contained in the number of runs that is not
also in the first-order autocorrelation of the
sequence. So runs tests are no more likely to
find evidence of sign predictability than auto-
correlation tests.

Market Timing Tests

Hendriksson and Merton (1981) develop the
“bull-bear” test statistic for market timing
ability p1 + p2 -1, where p1 is the probability
of correctly forecasting a positive return and
p2is the probability of correctly forecasting a
negative return.

Breen, Glosten and Jaganathan (1989) show
that in the regression,

I (Res1 >0) =a +bI (Prygje >0) + e

we have that b = p1 + p2 -1. Hence the ab-
sence of market timing ability in the sense of
Hendriksson and Merton (1981) corresponds
to a routine significance test of the null hy-
pothesis b = 0.

The key point is that in these tests and others
like them, for example the Pesaran and Tim-
mermann (1992) sign test, Pw+1t enters
through the indicator function I(Pw+1)t > 0).
This means that, while a value of 0.4999 is
treated fundamentally differently from a value
of 0.5001, the latter is treated no differently
than a value of 0.9999. If P11 never drops
below 0.5 these tests will have no power.

This is likely to happen for asset processes
with constant, positive expected return, where
the sign predictability enters via volatility dy-
namics rather than via variation in expected

(Continued on page 5)
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“The bottom line
is that market
timing tests lack
power to detect
sign predictability
that arises from
volatility dynamics
rather than
dynamics in

expected returns.

HIGHER MOMENTS & SIGN PRECITION

(Continued from page 4)

returns.

The bottom line is that market timing tests lack power to detect sign predictability that arises from
volatility dynamics rather than dynamics in expected returns.

Higher Order Moments and Sign Prediction

2
NZE
e 2
Define: ¢ = ———; domainl¢]l = {z, -, ®©}; and
‘/ 2
1 z
&= — - — Erf — ]
V2
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where zi,;|t = ——— are the normalized returns
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The CDF of the probability of positive return sis then:
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The above result shows that, even in the absence of volatility dynamics, the probability of positive
returns us time-varying for nonzero u so long as either the third or fourth conditional moments is time
-varying.

We can take this even further and show that even if n is zero the probability of positive returns be-
comes

¥3,1+tlt
6Van

which is time-varying as long the conditional skewness is present. Note that negative skewness im-
plies a probability of positive returns greater than 1/2.

1
1-F /. z-0 = — -
2
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“The period around
the mid-1990’s is
characterized by
probabilities of
positive excess
returns of around
0.65, followed by
an extended
downward trend to
the 2002 low.
Probabilities
thereafter trend
steadily upwards
throughout 2003
and 2004 and
remain relatively
high into 2005.

It is also noteworthy

that the extreme
lows in sign
probabilities
precede the
sustained market
rallies commencing
towards the end of
1987, 1990, 1998,
and 2002.”

FORECASTING S&P 500 DIRECTION

Logit Regression Model

The analysis indicates the possibility of sign pre-
dictability being induced by volatility or higher mo-
ment dynamics. We now turn to the task of devel-
oping a model that will enable us potentially to
exploit sign predictability. One candidate for such
a model is a logit regression of the form

()
Igsn=f ! — 1 +e¢in

o,/
Where lw+30 is the sign indicator taking the value 1
if Ri+1,1+30 >0 and ot denotes a forecast of n-day
excess return volatility. An obvious choice of f is
the logistic density

-X

e
£f= ———; domainlf] = {x, -x, ©};
(1+ex)2

which gives rise to the familiar logit regression.

We develop such a model to forecast 30-day re-
turns signs for the S&P 500 Index using the VIX
Index as our forecast of 30-day volatility and re-
gressing l+30 on 1/VIX: and estimating the model
by maximum likelihood.

Estimated Probabilities of
Positive Excess Return

Estimates of the 30-day drift coefficient p for
the period January 1986 to December 1995
are shown in Figure 5.

Of particular note is the steady decline in esti-
mated mean excess returns from 1987
through 1994 and the reversal of the trend
from 1995 through 1999.

Estimates of the probability of positive excess
returns are plotted in Figure 6. The range of
estimates is strikingly wide, from a low of just
under 0.54 in September 2002 to a high of
over 0.7 in August 1987. The period around
the mid-1990'’s is characterized by probabili-
ties of positive excess returns of around 0.65,
followed by an extended downward trend to the
2002 low. Probabilities thereafter trend steadi-
ly upwards throughout 2003 and 2004 and
remain relatively high into 2005. It is also
noteworthy that the extreme lows in sign proba-
bilities precede the sustained market rallies
commencing towards the end of 1987, 1990,
1998, and 2002.

ESTIMATED DRIFT FOR 30-DAY EXCESS
RETURNS IN THE S&P 500 INDEX

Estimated Drift p

18% -
16% -
14% H
12% H
10% ~
W,
o /\'V'A\/N My
8A) a AN \N\,\’_‘ /\N/
0 M \/\\m/v \\S\,\
6% - \’W\ -
4% -
2% A
0% T T T T T T T T T T T T T T T T T T T
O N~ 0 O O — « [Se NS S o) © N~ 0 O O - AN ™ < W
Q O W O O O D O O [©2 B )] D O O o O O o O
(o2 B0} D o OO O O (o2 2N e> BN e )} (o2 B0 D O O o o O o O
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Figure 5
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RESPONSIVENESS ESTIMATES

) A scatterplot of & against VIX, shown in Figure 8,
Responsweness aligns closely with the pattern expected from
The responsiveness of the sign probability forecast ~ theory (as illustrated in Figure 2).
to changes in the VIX is given by the marginal effect

Et and p_IOtted n FIgU re’. ) A Responsiveness of Sign Firecasts to VIX
As predicted by theory, the marginal effect is always
negative and is largest in absolute terms when 0 : oo — \
volatility is low, as it was in the mid 1990’s and 50 20% & 60% 80%
again in 2005. o 101
8 15 -
2 20 .
Responsoveness of Sign Forecasts to Changes in 2 25
VIX 2
é -30 A
: %
5d I
3 -45

-10
VIX
N Case Study:
zz Figure 8: Scatter&l:;ttso‘frsl{c‘ezsg?rllrsli(\lr:;ess of Sign Fore- Loglt Regression Model
' ' for Excess Returns in

the S&P 500 Index

Excel Workbook:
SP500 Logit.xls

Figure 7: Time Series of Responsiveness of Sign Fore-
casts to Changes in VIX

Data and analysis for Logit
regression model.

CONDITIONAL PROBABILITY OF POSITIVE 30-
DAY EXCESS RETURNS IN THE S&P500 INDEX

S&P 500 Index: Estimated Probability of Positive Excess Mathematica:
Returns LogitModel.nb
Notebook containing
075 7 mathematical derivations
and formula
0.70 +
0.65 +
| MatLab:
0.60 : :
EstimateLogit.m
0.55 Matlab routines for
estimating Logit regres-
0.50 ———t+—+——+—t+—+—+—+—+—+—+—+—+—+—+—1 sion, Uses James
. ] )
AN EEEE LR LeSage’s econometrics
QX X X X O © Q ©Q O © © © Y 9 9 9O 9 9 9 9O ackae—see |0
S N &® © o N DR N ® © S (NI~ packag P

Figure 6
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“The strategy
performs
exceptionally well
in 1987, 1989
and 1995, when
the ratio between
expected returns
and volatility
remains close to
optimum levels
and the direction
of the S&P 500

Index becomes

highly predictable,

Of equal interest
is the finding that
the strategy
largely avoids the
market crash of
2000-2002

altogether. “

1.LOGIT MODEIL TRADING STRATEGY

Trading Strategy

To illustrate some of the possibilities of this approach, we constructed a simple market timing strate-
gy in which a position was taken in the S&P 500 index or in 90-Day T-Bills, depending on an ex-ante
forecast of positive returns from the logit regression model (and using an expanding window to esti-
mate the drift coefficient). We assume that the position is held for 30 days and rebalanced at the
end of each period. In this test we make no allowance for market impact, or transaction costs.

Results

Annual returns for the strategy and for the benchmark S&P 500 Index are shown in Figure 9. The
strategy performs exceptionally well in 1987, 1989 and 1995, when the ratio between expected re-
turns and volatility remains close to optimum levels and the direction of the S&P 500 Index is highly
predictable, Of equal interest is that the strategy largely avoids the market crash of 2000-2002 alto-
gether, a period in which sign probabilities were exceptionally low.

In terms of overall performance, the model enters the market in 113 out of a total of 241 months
(47%) and is profitable in 78 of them (69%). The average gain is 7.5% vs. an average loss of -4.11%
(ratio 1.83). The compound annual return is 22.63%, with an annual volatility of 17.68%, alpha of
14.9% and Sharpe ratio of 1.10.

The under-performance of the strategy in 2003 is explained by the fact that direction-of-change prob-
abilities were rising from a very low base in Q4 2002 and do not reach trigger levels until the end of
the year. Even though the strategy out-performed the Index by a substantial margin of 6% , the per-
formance in 2005 is of concern as market volatility was very low and probabilities overall were on a
par with those seen in 1995. Further tests are required to determine whether the failure of the strat-
egy to produce an exceptional performance on par with 1995 was the result of normal statistical
variation or due to changes in the underlying structure of the process requiring model recalibration.

Future Research & Development

The obvious next step is to develop the approach described above to formulate trading strategies
based on sign forecasting in a universe of several assets, possibly trading digital options. The ap-
proach also has potential for asset allocation, portfolio theory and risk management applications.

PRO-FORMA ANNUAL RETURNS

Annual Returns

100% 1

80% m S&P500
M Logit Model

60%
40%
20%
0%
-20%

-40% -

Figure 9
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Analytics Tools
www.investmet-analytics.com/analytics
For this QuantNote:

> MatLab programs

> Mathematica programs

> Excel/VB programs
Other Analytics Tools
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Clip-On Tools—Option Calculator V2.4

The Clip-On Toolkit provides state-of-the-art
financial calculators in a convenient pop-up
format for rapid-fire computations across a
range of financial products.

Option Calculator Features

P Pricing of EU or American Options
» Equity, Currency or Futures

P OTC and Exotics

P Risk Sensitivity Analysis

P Risk Graphics

» Option Position Analysis

P Volatility Surface Modeling

» Multi-Function Memory

P Option Dataset Storage

» Functions Available in Excel

Time Series Modeling

V4.16
SM This powerful and flexible

time series modelling pack-

age (formerly known as

TSMod, now TSM) estimates
and forecasts ARIMA and ARFIMA models, sev-
eral GARCH, FIGARCH, APARCH and EGARCH
variants, bilinear models, Markov-switching and
smooth transition models. Most model features
can be freely combined. More details:
http://www.timeseriesmodelling.com/

Volatility Arbitrage Program

The Investment Analytics
Volatility Arbitrage Program
uses proprietary econometric
forecasting and multi-factor
option pricing models to
identify arbitrage opportuni-
ties in listed options series.
Details: htp://
www.investment-
analytics.com/volarbprogram.htm

Sponsors

Education

+ Lecture Notes
http://www.investment-
analytics.com/lecture®%
20notes.htm

Finance Professors

+ Francis Diebold
http://ww.ssc.upenn.edu/
~fdiebold/

+ James LeSage
http://
www.econ.utoledo.edu/
faculty/lesage/lesage.html

+ Hashem Pesaran
http://www.econ.cam.ac.uk/faculty/
Pesaran/

+ Allan Timmermann
http://weber.ucsd.edu/~atimmerm/

Academic Research

* %DEA/fd /ideas/data/
ttp://ideas.ugam.ca/ideas/data
Claligms to be tﬂe largest bibliograph-
ic database dedicated to economics
on the Internet.

¢ ResearchIndex
http:/éciteseer.nj.nec.com/cs -
Over 300,000 documents & 4 million
citations.

¢ SSRN
http://www.ssrn.com/
Leading research delivered to your
desktop.

CONTACTUS
Phone: +1 (212) 786-1781
Fax: +1 (212) 2082492

Editorial:

editor@investment-analytics.com

Advertising:

ads@investment-analytics.com

News/info/events:
info@investment-analytics.com

Web Site:

www.investment-analytics.com
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provides independent re-
search focusing on applica-
tions of sophisticated mathe-
matical and financial modeling
techniques to problems of
strategy development and
repair, performance analysis
and risk management for cli-
ents in the investment man-
agement industry in Europe
and North America.

Our methodology represents a
radical departure from tradi-
tional methods of research
and is based instead on ad-
vanced techniques of quantita-
tive finance that have proved
highly successful in tackling
complex problems in financial
engineering and investment
analysis. Investment Analytics
has applied these powerful
and robust techniques to the
field of equity analysis, to bring
fresh insights and a whole new
approach to investment re-
search

Register on

our web site
www.investment-

analytics.com




