
Copyright © 1999-2011 Investment Analytics  Forecasting Financial Markets ï Time Series Analysis Slide: 1 

Forecasting Financial Markets 

 

Time Series Analysis 

Copyright © 1999-2011 

Investment Analytics  



Copyright © 1999-2011 Investment Analytics  Forecasting Financial Markets ï Time Series Analysis Slide: 2 

Overview 

üTime series data & forecasts 

üARIMA models 

üModel diagnosis & testing 
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Time Series Data & Forecasting 
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Univariate Time Series Models 

üAutoregressive AR(1): 

Áyt = a0 + a1yt-1 + et 

üMoving Average MA(1): 

Áyt = et + b1et-1 

ü  et = sequence of independent random variables 

ÁIndependent 

ÁZero mean 

ÁConstant variance s2 
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White Noise 
üMean is constant (zero) 

ÁE(et) = m  (0) 

üVariance is constant 

ÁVar(et) = E(et
2) = s2 

üUncorrelated 

ÁCov(et , et-j) = 0   for j < > 0 and t 

üGaussian White Noise 

ÁIf et is also normally distributed 

üStrict White Noise 

Áet are independent 
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Lag Operator 

ü Lm yt = yt-m 

ü So AR(1) process can be represented as: 

Á(1 - bL) yt = et   

ü Invertibility 

ÁAn AR(1) process can be represented as MA(¤): 

ÁIf |b| < 1 

Áyt = (1 - bL)-1 et 
Áyt = [1 + bL + (bL)2 + . . . ] et 
Áyt = et + b et-1 + b2 et-2 + . . . 
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Stationarity 

üWeak (covariance) stationarity 

ÁPopulation moments are time-independent: 

ÁE(yt) = m 

ÁVar(yt)  = s2 

ÁCov(yt, yt-j) = gj 

ÁExample:  white noise et 

üStrong stationarity 

ÁIn addition, yt is normally distributed 
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Stationary Series 

Stationary Series ~ N(0,1)
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Stationarity of AR(1) Process 

ü AR(1) Process:  yt = a0 + a1yt-1 + et 

ü Expected value E(yt) is time-dependent: 
 
 

 

ü If |a1| < 1, then as t ­¤, process is stationary 

ÁLim E(yt) = a0 / (1 - a1) 

ÁHence mean of yt is finite and time independent 

ÁAlso Var(yt) = E[et + a1et-1 + a1
2et-2+ . . . )2] 

Á= s2[1 + (a1)
2 + (a1)

4 + . . .]  = s2/[1 - (a1)
2] 

ÁAnd Cov(yt, ys) = s2 (a1)
s /[1 - (a1)
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Stationarity Considerations 

üSample drawn from recent process may not be 

stationary 

üHence many econometricians assume process 

has been continuing for infinite time 

üCan be problematic 

ÁE.G. FX rate changes post Bretton-woods 
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Random Walk with Drift
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Random Walk Process 

üRandom Walk with drift 

Áyt = a0 + a1yt -1 + et 
ÁWith a1 = 1 

ÁA non-stationary process 
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Random Walk Process 

üRandom Walk without drift 

Áyt = a0 + a1yt -1 + et 
ÁWith a1 = 1, a0 = 0 

Á Dyt = et or yt = (1- L)-1et = et + et + et-1 + et-2 . . .   

ÁAlso a non-stationary process 

ÁVariance of yt  gets larger over time 

ïHence not independent of time. 
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Moving Average Process 

üMA(1) process 

Áyt = et + bet-1  = (1 + bL)et  

ü Invertibility:  |b| < 1 

Á(1+bL)-1 yt = et  

Áyt = S(-b) j yt-j + et  

ÁSo MA(1) process with |b| < 1 is an infinite autoregressive 

process 

ÁSimilary an AR(1) process with |b| < 1 is invertible  

Ái.e. can be represented as an infinite MA process 
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MA(1) Process 

MA(1) Process
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ARMA(1, 1) Process 

üyt = a1yt-1 + et + bet-1 

ARMA(1, 1) Process yt = ayt-1 + et + bet-1
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General ARMA Process 

ü Any stationary time series can be approximated by a 
mixed autoregressive moving average model  

üARMA(p, q) 

Áyt = f1yt-1 + f2yt-2 + . . . + fpyt-p +  
      et + q1et-1 + q2et-2 + . . . + qqet-q  

Á F(L) yt = q(L)et   

ü  F and Q are polynomials in the lag operator L 

Á F(L) = 1 - f1L - f2L
2 - .  .  . - fpL

p 

ÁQ(L) = 1 + q1L + q2L
2 + .  .  . + qqL

q 
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Unit Roots 

üStationarity Condition 

ÁRoots of f(L) must lie outside the unit circle 

Á|xi| > 1 for all roots xi 

ü Invertibility Condition 

ÁRoots of q(L) must lie outside the unit circle 

Á|zi| > 1 for all roots zi 
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Autocorrelation 
ü Population autocorrelation between yt and  yt-t 

ürt = gt/g0 (t = °1, °2, . . .) 

Ágt is the autocovariance function at lag t 

Á gt = Cov(yt , yt-t ) 

Á g0 = Var (yt ) 

Ár0 = 1, by definition 

üSample autocorrelation: r¡t = ct/c0 

ÁWhere ct is the sample autocovariance 
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Correlogram 

üPlot of ACF rt against t 

Auto-correlation
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ACF for AR(1) Process 

üAR(1) Process:  yt = a0 + a1yt-1 + et 

üCorrelation: rs = (a1)
s , s = 0, 1, . . . 

Since: 

Ág0 =  s
2/[1 - (a1)

2] 

Ágs =  s
s (a1)

s / [1 - (a1)
2] 
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ACF for AR(1) Process 

ü a1 = 0.75 

 

 

 

 

 

 

ü a1 = -0.75 

ACF for AR(1) Process
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ACF for MA(1) Process 

üMA(1) Process: yt = et + bet-1 

üYule-Walker Equations 

Ág0 = Var(yt) = E(yt yt ) = E[(et + bet-1) (et + bet-1)]  

   = (1 + b2)s2 

Ág1 = E(yt yt-1) = E[(et + bet-1) (et-1 + bet-2)] = bs2 

Ágs = E(yt yt-s) = E[(et + bet-1) (et-s + bet-s-1)] = 0,  s >1 

üACF 

Ár0 = 1 

Ár1 =  b / (1 + b2) 

Árs = 0, for s > 1 
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ACF for MA(1) Process 

üb = 0. 5 

 

 

 

 

 

 

üb = -0.5 

 

ACF for MA(1) Process
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Partial Autocorrelation Function (PACF) 

ü In AR(1) process yt and yt-2 are correlated 

ÁIndirectly, through yt-1  

Ár2  = Corr(yt, yt-2)  = Corr(yt, yt-1)  * Corr(yt-1, yt-2)  = r1
2 

üPartial autocorrelation between yt and yt-s 

ÁEliminates effects of intervening values yt-1 to yt-s+1 

ÁEffectively doing autoregression of yt against yt-1 to yt-s 

Áyt =  S biyt-i + et 
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Calculating PACF 

ü Form series y*t = yt - m  

Á M is mean e{yt}  

ü Form first-order autoregressive equation 

ü Y* t = f11y* t-1 + et 

Áet is error process which may not be white noise 

Á f11 is both AC and PAC between yt and yt-1  

ü Form second-order autoregressive equation 

ü Y* t = f21y* t-1 + f22y* t-2  + et 

Á F22  is PAC between yt and yt-2 , i.E autocorrelation between yt 
and yt-2 controlling (netting out) effect of yt-1 

üRepeat for all additional lags to obtain PACF 
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PACF by Yule-Walker 

üForm PACF from ACF 

Áf11 = r1 , f22 = (r2 - r1
2) / (1 - r1

2) 

üFormula for additional lags s = 3, 4, . . . 
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PACF for AR and MA Processes 

üFor AR(p) process 

ÁNo direct correlation between yt and yt-s for s > p 

ÁHence fss = 0 for s > p 

ÁGood means of indentifying AR(p) type process 

üFor MA(1) process yt = et + bet-1  = (1 + bL)et  
Áyt = S(-b) j yt-j + et  for |b| < 1 

ÁHence yt is correlated with all its own lags 

ÁPACF will decay geometrically 

ÁDirect if b < 0 

ÁAlternating if b > 0 
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Lab: ARMA(1, 1) Process 

ü ARMA(1, 1): yt = a1yt-1 + et + b1et-1 

 

ü Lab: 

ÁGenerate time series 

ÁCompute theoretical ACF 

ÁYule-Walker equations 

ÁEstimate sample ACF 

ÁAutocorrel function 

ÁHow does pattern of ACF depend on parameters? 
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Solution:  ARMA(1, 1) Process 

ü Yule-Walker Equations 

Á g0  =  E(yt yt)  =  a1E(yt-1 yt)+ E(et yt) + b1E(et-1 yt) 

     = a1g1 + s2 + b1E[et-1(a1yt-1 + et + b1et-1)] 

   =  a1g1 + s2 + b1(a1+ b1 ) s
2 

Á g1  =  E(yt yt-1)  = a1E(yt-1 yt-1)+ E(et yt-1) + b1E(et-1 yt-1) 

    = a1 g0 +  b1 s
2 

Á gs  =  E(yt yt-s)  = a1E(yt-1 yt-s)+ E(et yt-s) + b1E(et-1 yt-s) 

      = a1 gs-1  

ÁSolution 
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ACF for ARMA(1, 1) Process 

üa1 = b1 = 0.5 

 

 

 

 

üa1 = 0.6,  

b1 = -0.95 
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PACF for ARM(1,1) Process 

üa1 = b1 = 0.5 

 

 

 

 

 

üa1 = 0.7,  

b1 = -0.3 
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Properties of ACF and PACF 

Process  ACF    PACF 
White Noise  All rs = 0   All fss = 0 

AR(1): a > 0  Geometric decay: r1 = as  f11 = r1; fss = 0; s>1 

AR(1): a < 0  Oscillating decay: r1 = as  f11 = r1; fss = 0; s>1 

MA(1): b > 0  +ve spike at lag 1.   Oscillating decay  

    r0 = 0 for s > 1   f11 > 0 

MA(1): b < 0  -ve spike at lag 1.   Decay   

     r0 = 0 for s > 1   f11 > 0 

ARMA(1,1): a < 0 Geometric decay at lag 1 Osc. decay at lag 1 

    Sign r1 = sign(a+b)   f11 = r1 

ARMA(1,1): a > 0 Oscillating decay at lag 1 Geom. decay at lag 1 

    Sign r1 = sign(a+b)   f11 = r1 
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Box-Jenkins Methodology 

üPhase I - identification 

ÁIdentify appropriate models 

üPhase II - estimation & testing 

ÁEstimate model parameters 

ÁCheck residuals 

üPhase III application 

ÁUse model to forecast 
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Phase I - Identification 

üData preparation 

ÁTransform data to stabilise variance 

ÁDifference data to obtain stationary series 

üModel selection 

ÁExamine data, ACF and PACF to identify 

potential models 
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Phase II - Estimation & Testing 

üEstimation 

ÁEstimate model parameters 

ÁSelect best model using suitable criterion 

üDiagnostics 

ÁCheck ACF/PACF of residuals 

ÁDo portmanteau test of residuals 

ÁAre residuals white noise? 

ÁIf not, return to phase I (model selection) 
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Model Selection Criteria 
üTwo objectives 

ÁMinimize sums of squares of residuals 

ÁCan always reduce by adding more parameters 

ÁParsimony 

ÁAvoid excess paramterization 

ïI.E. Loss of degrees of freedom 

ÁBetter forecasting performance 

üSolution 

ÁPenalize the likelihood for each additional term 
added to model 
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Likelihood Function 

üAssume yt ~ No(m, s2)  

üLikelihood 

ÁL = (-n/2)[Ln(2p) +Ln(s2)] - (1/2s2)S(yt - m)
2 

ÁMaximizing wrt m, s2: 

ÁMLE Estimates 

Á m¡ = Syt / n 

Á (s¡)2  = S(yt - m¡)
2 / n 
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Likelihood Function in Regression 
üSimple Linear Regression:  yt = bxt + et 
Áet ~ IID No(0, s2) 

üLikelihood 

ÁL = (-n/2)[Ln(2p) +Ln(s2)] - (1/2s2)S(yt - bxt)
2 

üMLE Estimates 

Á (s¡)2 = S(et)
2 / n 

Á b¡ = S(xtyt ) / S(xt )
2 

üStandard Error 

Á s¡b  = s¡ / {S(xt - xmean)
2} 1/2 
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Maximum Likelihood Estimation 

ü Akaike information criterion (AIC) 

ÁAIC = -2Ln(Likelihood) + 2m  

   º nLn(SSE) + 2m 

ü Schwartz Bayesian information criterion (BIC) 

ÁBIC  = -2Ln(Likelihood) + mLn(n) 

  º  nLn(SSE) + mLn(n)  

ÁL is likelihood function 

ÁSSE is error sums of squares 

Án is number of observations 

Ám is number of model parameters 
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Using MLE Model Criteria 

üWhen comparing models: 

ÁN should be kept fixed 

ÁE.G. With 100 data points estimate an AR(1) and 
AR(2) using only last 98 points. 

ÁUse same time period for all models 

ÁAIC and BIC should be as small as possible 

ÁWhat matter is comparative value of AIC or BIC  

ÁBIC has better large sample properties 

ÁAIC will tend to prefer over-paramaterized models 
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Sums of Squares 

üSums of Squares 

ÁDue to Model = SSM 

 

 

ÁDue to Error = SSE 

 

 

ÁTotal Sums of Squares  = SST = SSM + SSE 
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ANOVA and Goodness of Fit 

üF test statistic = MSR/MSE  

ÁWith 1 and n-m-1 degrees of freedom 

Án is #observations, m is # independent variables 

ÁLarge value indicates relationship is statistically significant 
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Coefficient of Determination  

üR2 = SSR/SST 

ÁHow much of total variation is explained by 

regression 

üAdjusted R2  

ÁAdjusted R2  =  1 - (1 - R2 )  (n - 1) / (n - m - 1) 

ÁIdea: R2 can always increase by adding more variables 

ÁPenalize R2 for loss of degrees of freedom 

Á Useful for comparing models with different # independent 

variables m 
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Diagnostic Checking 
ü You need to check residuals: ei = (yi - f i) 

ÁResidual = actual - forecast 

üResidual plot:  residual vs. actual 
ÁResidual plot should be random scatter around zero 

ÁIf not, it implies poor fit, confidence intervals invalid 

ÁHowever, estimates are still the best we can achieve, but we canôt say 
how good they are likely to be. 

ü Test for: 

ÁBias:  non-zero mean 

ÁHeteroscedasticity (non-constant variance) 

ÁNon-normality of residuals 
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Residual Plot 
R

e
s
id

u
a

l 

Ft 



Copyright © 1999-2011 Investment Analytics  Forecasting Financial Markets ï Time Series Analysis Slide: 46 

Residual Plot - Bias 
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Residual Plot - Heteroscedasticity 
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Anderson, Bartlett & Quenoille 

üACF and PACF coefficients ~ No(0, 1/n) 

ÁIf data is white noise 

ÁHence 95% of coefficients lie in range °1.96/Õn 

Stationary Series ACF
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Durbin-Watson Test 

ÁCheck for serial autocorrelation in residuals 

ÁRange:  0 to 4.  DW º 2 for white noise 
ÁSmall values indicate +ve autocorrelation 

ÁLarge values indicate -ve autocorrelation 

ÁNB not valid when model contains lagged values of yt 

ÁUse DW-h = (1 - DW/2)Õ{n/[1-ns¡a]} ~ no(0,1) for large n 

ï S¡a is the standard error of the one-period lag coefficient a1 
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Portmanteau Tests:  Box-Pierce 

üSimultaneous tests of ACF coefficients to see if 

data (residuals) are white noise 

üBox-Pierce 

 

 

ÁUsually h º 20 is selected 

ÁUsed to test autocorrelations of residuals 

ÁIf residuals are white noise the Q ~ c2(h-m) 

Ám is number of model parameters (0 for raw data) 
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