Lab: ARMA(1, 1) Process

In this lab we consider an ARMA(1, 1) process of the form:

Y =aY,.,te +be.

Where e, is a white noise process, mean zero and variance s

1

Use the ARMA11 worksheet to generate 20 observations from an ARMA(Z, 1)
process with parameters a = 05, by = 0.5. Examine severd instances of the
process on the chart provided.

Use the Yule-Walker equations to derive the autocovariance terms gs = E(¥, ).
Hence derive the ACF termsrfort=1,2,...,20

Use the ACF function b compute the sample autocorrelations. Compare the
theoretical and sample ACF's on the correlogram provided.

The ACF function has two parameters ACF(Y, L) where Y is the range of time
series observations and L is the lag parameter. It returns the result g.

Use the PACF function to compute the theoretica and estimated partial
autocorrelations and compare them on the correlogram provided.

The PACF has two parameters PACF(ACF, L) where ACF is the range of actua
(or theoretical) autocorrelations and L is the lag parameter. The function returns
theresult f |, the partial autocorrelation coefficient at lag L.

Experiment with different values of the process coefficients and examine the
effects on the form of the ACF and PACF.
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Solution: ARMAC(1, 1) Process

1. Thelayout of the lab worksheet ARMA11 is shown below.

ARBAALT, 1) Process vy = @y g+ £ * 08,

ACF for M&T) Progess

EThenrsicd
o Esdmated

12 24 508 7T E 9101112121416 1617 181820

Lan
The white noise process g is The process y is generated using the
generated using the Excel formula:
RAND() function (which Vi =aYute+ bes
generates a random number
between zero and 1), and then Wherea=b = 0.5
converting this to a standard
normal variate using the

NORMSINV function.

Enter the formula for the first white noise te'm e; in cel C8 as
NORMSINV(RAND()). Copy this formula down into the remaining cells in the
column, corresponding to time periods 2 through 20.

In cell D8, enter set the formula for the first process observation yi = D8. Then, in
cell D9, enter the Excel formulafor the second term as follows:

= aD8+ C9 + b*C8

Copy this formula down into the remaining cells in this column. The time series chart
isdrawn automatically.

By pressing the function key F9, you can generate different instances of the process.
Try various values of the parameters aand b (both positive and negative).

A typical example is shown below.
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ARMA(1, 1) Processy,=ay;1+t e+ be.;
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2. We set up the Yule-Walker equations as follows:

o= EWwy = aE(yriyw+ E(ew) + biEew y)
=ayq + s+ biE[e-1(yra + e+ bierr)]
= ag+ s*+ by(a+ by )s?

g = E(t 1) =auE(Ya 1)+ E(er yi1) + biE(era y-1)

—a g+ bis?

3 = EM 9 =aE(Wa o)t E(er 1) + biE(Er1 Vi)
=a1 G1

Solving these equations simultaneously for gpand g yields:

2
g, =Lt gy _(@rab)(atb);
(1-a) (1-a)
Hence, r, = (1+31I021)(a1+ b,) adrs=arsyfors>1
(1+Db; +2ab,)

3. With parameters & = 0.5, b1 = 0.5 the theoretical ACF is as follows:
ri= (1+05)(05+05)/(1+05+20.5) = 0714
In the worksheet the formulais entered into cell E8 as follows:
=(1+a*b)* (atb)/(1+b"2+ 2*a*b)

Subsequent autocorrelations are calculated using the relationship r s = ar s1.
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Hence, r,= 05 r; = 0.357

The formulais entered in cell C9 as: =a*E8. Thisformulais copied down into the
remaining cells in the column.

The sample autocorrelations are calculated using the ACF function. Click the
Function Wizard from the menubar and select User Defined functions, ACF as
shown in the screenshot bel ow.

Paste Function 7] i

Funckion categary: Funckion name:

Al Ja] Fe

Financial GetSystemMetrics 32
Date & Time Isshared

Math & Trig PACF

Skakistical StripWorksheetRef
Lookup & Reference

Database

Texk

Logical

Information

User Defined Il =
ACF(YRange,Lag)

Choose the Help button For help on this Function and its arguments.

(0] i Cancel

The parameters used in the function are the range of values y in cells D8 to D27,
and the time lag T in the corresponding cells B8 to B27. The first vaue is
calculated in cell F8, as shown below.

ACF

_ E045: 4052 ] = {0.34579670682433
Lag |$55 =1

= 0.737106703
Choose the Help button For help on this Function and its arguments.

YRange

@ Formula result =0,737 oK i Cancel i

The formulain cell F8 should be copied down to the remaining cells in the column
to calculate the autocorrelations for T = 2 to 20.
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The ACF chart is automatically updated, showing both the theoretical and sample

ACF function values. An example is shown below.

ACF for ARMA(1,1) Process
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Lag

4. Thetheoretical partia autocorrelation coefficients are given by:

f11:|'1,f22:(rz'rlz)/(l-rlz)

and

f

SS

fgq=f

S s-1,j

f

Hence, f,,=r,= 0.714,
andf = (0.357 - 0.714%) / (1 - 0.714% = -0.313

Thereafter the partial autocorrelations are derived iteratively:

f 21— f11 -f 22 f 11 = 0.714 - (-0313)*0714 = 0.9375

s-1,s- ] J :]-12"'

1 2 4 5 6 10 11 12 13 14 15 16 17 18 19 20

S-1
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Hence

0.152

[0.179 - (0.9375)(0.357)-(-0.313)(0.714)]/ [1 - (0.9375)(0.714)-(-0.313)(0.357)]

We can use the PACF function to calculate the theoretical PACF coefficients,
using the theoretical ACF as the first input parameter. Click the Function Wizard
and selection user defined functions, PACF. The input parameters are as shown

below:

ack

ACFCrange -E' 0 EE42 T
Lag [E5 =1

] = 0.71428571428571

Zhonse the Help button For help an this Function and its arguments.

ACFCrange

@ Formula result =0.714 ] 4 I

= [0.714255714

Likewise we can calculate the estimated PACF, this time using the estimated ACF

asthefirst input parameter.

The resulting PACF correlogram is shown below.

PACF for ARMA(1,1) Process
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5. With parameter a1 < 0, the ACF follows an oscillating decay pattern, like the one
below:

ACF for ARMA(1,1) Process

H Theoretical
M Estimated

8 9 1§ 111213141516 17 1819 20

Lag

With parameter &, > 0, the ACF follows a geometric decay pattern, with positive
or negative coefficients depending on whether (&g + b;) >0 or < 0. The rae of
decay is governed by the coefficient &. The more positive the value, the slower

the decay.
An example is shown below:

ACF for ARMA(1,1) Process

H Theoretical
M Estimated

16 17 1819 20

Lag

With parameter b; < 0, the PACF follows an exponential decay pattern, with sign
= Sign (ay + by), like the one below. With parameter b, > 0, the PACF follows an
oscillating decay pattern (see example with by = 0.5).

PACF for ARMA(1,1) Process

1.00
050 W Theoretical
0.00 M Estimated
1 2 3 4 5 6 8 10 11 12 13 14 15 16 17 18 19 20
-0.50
Lag

Copyright © 1999-2001 |1SEC ARMA(1, 1) Process Page 7



